We demonstrate that strong dispersion of nonlinearity in subwavelength waveguides can lead to the modulational instability in the regime of normal group velocity dispersion through the mechanism independent from higher order dispersions of linear waves.
Introduction
Emerging sub-wavelength light guiding structures, such as semiconductor nano-wires, require appropriate theoretical models to be developed. All the currently available models have been obtained through perturbation expansion of Maxwell equations under the assumption of a quasi-monochromatic excitation [1] [2] [3] . In this work we introduce models which are suitable for description of dynamics of a broad-band excitation in frequency or in time domain. Importantly we take into account full dispersion of nonlinearity, which is particularly strong in subwavelength guiding structures and leads to novel regimes of the modulational instability.
Summary of the main results
We use Fourier expansion of fields to describe pulse propagation in a nonlinear semiconductor waveguide in frequency domain. The evolution of fields with propagation distance ‫ݖ‬ is given by slowly varying amplitudes ‫ܣ‬ ఠ ‫)ݖ(‬ of the corresponding linear mode. Using an approach identical to the one developed in [1] [2] [3] we derive the following equations for the amplitudes of interacting (via instantaneous Kerr nonlinerity) harmonics:
where ߚ ఠ = ߚ(߱) is the propagation constant of the mode, nonlinear coefficients Γ ఠఠ భ ఠ మ ఠ య are given by the specific cross-sectional integrals that involve mode profiles at the four frequencies [4] , linear and nonlinear losses are neglected.
Modulation instability (MI) is a particular type of parametric frequency conversion process where a constant amplitude pump wave at frequency ߱ is able to create parametric gain for the side-bands at frequencies ߱ ௦ (signal) and ߱ = 2߱ − ߱ ௦ (idler). Reducing Eqs. (1) to the case of three waves, and assuming weak intensities of the signal and idler, we derive expression for MI gain:
where ߜߚ = 2ߚ − ߚ ௦ − ߚ , ܲ is the pump power, and Γ ± are defined through nonlinear coefficients Γ ఠఠ భ ఠ మ ఠ య with different combinations of frequencies of the pump, signal and idler [4] . Parametric gain is observed when ݃ > 0.
The important result of this analysis is that MI exists for ߜߚ < 0 (i.e. when the group velocity dispersion is normal), provided Γ ି < 0. We demonstrate that this effect is only possible due to the geometrical dispersion of nonlinearity, which is particularly strong in subwavelength semiconductor waveguides.
As an example we consider suspended in air 300x500nm AlGaAs waveguide, see Fig. 1a . For the chosen geometry the dispersion is normal at the pump wavelength ߣ = 1.7ߤ݉ , see Fig. 1b , and therefore ߜߚ < 0, see solid line in Fig. 1c . We found that Γ ି < 0 in the broad range of signal and idler frequencies, see dashed line in Fig.  1c , and therefore one can observe MI of the pump above a certain power threshold, cf. Eq. (2). We found that dispersion of nonlinear coefficients Γ can be approximated by a factorization Γ ≈ ݃ ݃ ݃ ݃ . This factorization was tested on different semiconductor waveguide geometries and found to approximate well the actual coefficients in wide wavelength ranges. We demonstrate that, under the factorization approximation, Eq. (1) is equivalent to the following pulse propagation equation (Nonlinear Dispersive Schrödinger equation, NLDS):
where the linear and nonlinear dispersion operators are:
and coefficients ߚ and ߛ are obtained through polynomial expansions around a reference frequency ߱ of the propagation constant ߚ(߱ − ߱ ) and the modified nonlinear coefficient:
With the help of the derived NLDS model, we performed numerical simulation of MI process with a pulsed excitation. We chose a 10ps pulse centered at pump wavelength ߣ = 1.7ߤ݉, and added a week signal pulse centered at ߣ ௦ = 1.75ߤ݉. Fig. 1d illustrates the resulting evolution of the spectrum with propagation distance. One can observe the parametric gain of signal and idler, accompanied by the self-phase modulation induced spectral broadening.
Our results indicate that spectral broadening of pulses due to the self-phase modulation plays the important role in the development of MI. In particular, MI is observed for pump pulse peak powers well below the threshold predicted by the simple three wave approximation, cf. Eq. (2), [4] . In addition, the conversion efficiency (the ratio of the output idler to the input signal powers) becomes higher when shorter pulses are used. Similar to the conventional MI, long-term evolution of the dispersion of nonlinearity induced MI leads to the cascaded generation of higher order sidebands and associated formation of a sequence of ultra-short pulses.
